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Abstract
We show that the cosmological evolution of a scalar field in a potential
can be obtained from a renormalisation group equation. The slow roll regime
of inflation models is understood in this context as the slow evolution close
to a fixed point, described by the methods of renormalisation group. This
explains in part the universality observed in the predictions of a certain
number of inflation models. We illustrate this behavior on a certain number
of examples and discuss it in the context of the AdS/CFT correspondence.
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1 Introduction
One of the cornerstones of early universe cosmology is inflation. Over the
years and especially recently, there has been an enormous amount of data
shaping our understanding of that period. Although the main lines of the
physics begin to become clearer, we seem to be still far from pinning down
a concrete (and hopefully theoretically well-motivated) model of inflation.
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So far, theoretical prejudice dominates; especially there are good reasons to
believe that we do not understand very well the gravitational interaction and
its relation with the rest of the fundamental interactions.
Until now, inflationary model building relied on identifying inflationary
potentials, motivated by various principles of potential fundamental theories
(supergravity, string theory, etc.), or phenomenological considerations. The
recent results of the Planck mission [1] have successfully constrained or ruled
out a large set of models. More recently, the BICEP results [2] have shown
the outstanding scientific potential of B-mode polarization.
It is clear however that such a landscape of models is not a good set of
local maps in order to identify what is possible in inflation, and that many
of the descriptions are redundant. The reason is that the main properties
of inflation (near scale invariance and power spectra) depend on only few of
the details of inflationary potentials. A recent and topical example of such
a degeneracy is the connection between the original R2 model [3] and Higgs
inflation [4].
In order to go further, it is important to classify inflationary models
in a systematic way in order to understand the discriminative potential of
cosmological observations. Efforts in this direction have recently been made,
in order to catalogue inflationary models using other data than the scalar
potential. S. Mukhanov [5] has proposed to consider a specific class of models
representative of the most successful inflationary models compatible with
existing cosmological data: he chooses an equation of state of the type
(p+ ρ)
ρ
∼ β
(N + 1)α
(1.1)
where p and ρ are the pressure and energy density associated with the infla-
tion field, and N the number of e-foldings to parametrize the evolution from
a (almost) constant vacuum energy (p = −ρ at early times i.e. N large) to
a radiation-dominated universe (p of the order of ρ at late times i.e. small
N); α and β are parameters discriminating the models. In [6] and [7] this
proposal has been pushed further by enlarging the possible cases considered.
These proposals however are still “frame dependent”. Our purpose is to
provide universality classes of models of inflation by using the most basic
property of inflation: the scaling invariance that, although approximate, is
always present. This scaling invariance and ideas originating in AdS/CFT
tie together the principle we are looking for with ideas of universality in
Quantum Field Theory (QFT) [8].
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A connection between the original AdS/CFT correspondence and cosmol-
ogy, named “mirage cosmology”, was suggested in [9], via a universe-brane
motion in the near horizon region of D3 branes. It has been independently
suggested in [10] that there could be a correspondence between physics in
de Sitter space and a dual (pseudo) Conformal Field Theory. In [11] it was
argued that cosmological evolution equations have a formal resemblance with
similar equations in Anti de Sitter space, describing holographic Renormal-
ization Group (RG) flows in QFTs with a holographic dual. This correspon-
dence was extended further in [8] where new classes of holographic CFTs have
been included and interpreted: namely asymptotically free CFTs. These
correspond in the cosmological context to Asymptotically Flat Inflationary
Models (AFIM), that include as special cases, the Starobinsky model and
Higgs inflation.
The correspondence depicted in [11] and [8] is not necessarily an equiv-
alence, but at this stage can be taken as a rather remarkable similarity be-
tween the QFT and the inflationary setup. As such it suggests that the
proper framework for defining universality classes for inflationary models is
the Wilsonian picture of fixed points (that here corresponds to exact deSitter
solutions), scaling regions (that in cosmology corresponds to inflationary pe-
riods), and critical exponents (that in cosmology corresponds to the scaling
exponents of power spectra). It is well known from QFT that these are the
optimal universal characterisations of nearly scale invariant dynamics.
In what follows, we use the Hamilton-Jacobi formalism of Salopek and
Bond [14] to parametrize the solutions of the cosmological evolution of a
scalar field in its potential in terms of a superpotential. The evolution can be
viewed as a standard renormalisation group equation. This allows to discuss
classical inflation scenarios as the slow evolution of a system approaching
or leaving a critical (fixed) point. The parametrization of the associated
β functions provides a way of defining the universality classes. Unlike the
standard case of perturbative QFT, the β functions that we will consider
here may be of a non-perturbative nature.
Although in this paper we discuss single field models of inflation, our clas-
sification can be extended also to multifield models, as explained in [8],[22].
More phenomena are possible in this more general case, but we will not
discuss them in this paper.
The structure of this paper is as follows. In section 2, we present the
Hamilton-Jacobi formalism that we will be using and discuss in this context
the analysis of Mukhanov [5] mentionned above. Section 3 defines our differ-
3
ent classes of models and gives their main predictions. In Section 4, we make
the connection with quantum field theories using the AdS/CFT correspon-
dence, and rediscuss from this perspective the different classes introduced. In
Section 5, we discuss inflation models which interpolate between two classes,
such as natural inflation or hilltop inflation. Finally, Section 6 gives our
conclusions.
2 Cosmological evolution of a scalar field in
a potential
We recall the equations governing the cosmological evolution of a homoge-
neous classical field φ(t) in its potential V (φ):
S =
∫
d4x
√−g
[
−m
2
P
2
R − 1
2
∂µφ∂µφ− V (φ)
]
. (2.1)
We consider a Friedmann Lemaˆıtre Robertson Walker universe, with scale
factor a(t), and we assume flatness for simplicity i.e. ds2 = −dt2+a(t)2(dr2+
r2dΩ2). One obtains from Einstein’s equations:
H2 ≡ a˙
2
a2
=
κ2
3
ρφ , (2.2)
a˙2 + 2aa¨ = −κ2a2pφ , (2.3)
where κ2 = 8πG
N
= 8π/M2
P
and
pφ =
1
2
φ˙2 − V (φ) , (2.4)
ρφ =
1
2
φ˙2 + V (φ) (2.5)
are respectively the pressure and energy density associated with the field φ.
The equation of motion for this field, namely
φ¨+ 3Hφ˙ = −dV
dφ
, (2.6)
is consistent with the conservation of ρφ in the expanding universe:
ρ˙φ = −3H(pφ + ρφ) . (2.7)
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The Hamilton-Jacobi approach of Salopek and Bond [14] (see also [15])
provides a very useful integral of motion of the system of equations that we
just wrote. Indeed, assuming that the evolution of the scalar field is (piece-
wise) monotonic, we may consider that the φ field provides a clock by just
inverting φ(t) into t(φ). Then the Hubble parameter may be considered as a
function of φ and we write
H =
a˙
a
≡ −1
2
W (φ) . (2.8)
Differentation gives (a¨/a)− (a˙/a)2 = −(1/2)W,φφ˙ whereas (2.2), (2.3) yield
(a¨/a)− (a˙/a)2 = −κ2(pφ + ρφ)/2 = −κ2φ˙2/2. We thus have
φ˙ =
1
κ2
W,φ . (2.9)
Then, using (2.5) and (2.2), one may write the potential as
2κ2V =
3
2
W 2 − 1
κ2
W 2,φ , (2.10)
which form leads to call superpotential the function W (φ) (by reference to
a similar parametrisation of the potential in the context of supersymmetric
quantum mechanics; see for example [16]). The φ field equation of motion
(2.6), or equivalently the equation of conservation (2.7), is then automatically
satisfied.
The original system of equations needs 3 constants of integration, two for
the second order equation for the scalar and one for the first order equation
for the scale factor. Once we introduce the superpotential, the first order
equations (2.8) and (2.9) have two constants of integration. The third ones
is hidden in the first order differential equation (2.10) that determines the
superpotential in terms of the potential. Therefore, for a single potential,
there is an infinite family of superpotentials satisfying (2.10). Only a discrete
number (typically one) of the solutions to (2.10) leads to regular solutions of
(2.8) and (2.9), [24, 25]. All others have curvature singularities.
We note for future use that pressure and energy density are expressed in
terms of the superpotential as follows:
ρφ =
3
4κ2
W 2 , (2.11)
pφ + ρφ =
1
κ4
W 2,φ . (2.12)
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which indicates that the null energy condition is always satisfied. Using (2.8)
and (2.9), we have
κ
dφ
d ln a
=
κφ˙
H
= −2
κ
W,φ
W
(φ) , (2.13)
which has exactly the form of a renormalisation group equation giving the
evolution of a renormalized coupling g in terms of the renormalization scale
µ, [24]:
dg
d lnµ
= β(g) . (2.14)
Using (2.11) and (2.12), we note that the β-function in our case is
β(φ) = −2
κ
W,φ
W
= ±
√
3
pφ + ρφ
ρφ
. (2.15)
Fixed points correspond to zeros of W,φ, which are extrema of the potential
V (φ) as can be seen from (2.10). They correspond to exact de Sitter so-
lutions. An inflationary period corresponds to the slow motion of the field
away (V,φφ < 0) or towards (V,φφ > 0) the fixed point. This corresponds to
the classical distinction between a convex and a concave potential.
We note from (2.15) that, fixing the ratio (pφ + ρφ)/ρφ as a function of
ln a, or equivalently as the number of e-foldings
N = − ln(a/af ) (2.16)
as in [5] (af is the value of a at the end of inflation), we are in a position to
solve (2.13). For example, the choice made by Mukhanov2 [5]
β(φ) = ±
√
3β
1
(N + 1)α/2
(2.17)
gives using (2.13), with α 6= 2
φ = φ0 ∓ 2
κ
√
3β
2− α(N + 1)
2−α
2 . (2.18)
This allows to express N + 1 in terms of φ in the explicit form (2.17) of the
β-function β(φ). The superpotential is then obtained by solving (2.15) i.e.
2This choice is special and does not contain all possible universality classes discussed
in this paper.
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W,φ/W = −κ2β(φ)/2:
W = W0 exp
[
− 3β
2(α− 1)X
α−1
α−2
]
, X ≡ κ
2
12
(2− α)2
β
(φ− φ0)2 ,(2.19)
V =
3
4κ2
W 20
[
1− β
2
X
α
α−2
]
exp
[
− 3β
α− 1X
α−1
α−2
]
, (2.20)
where we assumed α 6= 1, 2 and W0 is a constant (of mass dimension 1). For
α = 1, W = C(φ− φ0)3β (C constant) and
V =
C2
2κ2
(φ− φ0)6β
[
3
2
− 9β
2
κ2
1
(φ− φ0)2
]
. (2.21)
Finally, for α = 2,
W = W0 exp
[
−3β
2
Y
]
, Y ≡ exp
[
± κ√
3β
(φ− φ0)
]
, (2.22)
V =
3
4κ2
W 20
[
1− β
2
Y 2
]
e−3βY . (2.23)
Note that, for Y ≪ 1, one has
V ∼ (3W 20 /4κ2)
[
1− 3β
2
exp
(
− κ√
3β
(φ− φ0)
)]2
. (2.24)
One recovers the Higgs inflation model [4].
3 The Universality Classes
We now classify the different inflation models according to the behaviour of
the β-function (2.15) close to the fixed point. The number of e-foldings is
simply
N = −κ
∫ φ
φf
dφ′
β(φ′)
. (3.1)
Assuming that we are close to the fixed point, we have β(φ) ≪ 1 in which
case we have the simple expressions (for complete expressions, see Appendix
7
A) for the tensor-to-scalar ratio r, the scalar and tensor spectral indices ns
and nt and their running
3 in terms of β(φ) and its derivatives:
r = 8β2 , (3.2)
ns − 1 ≃ −
[
β2 +
2β ′
κ
]
, (3.3)
nt ≃ −β2 , (3.4)
αs ≡ dns
dlnk
≃ −2
κ
β2β ′ − 2
κ2
ββ ′′ , (3.5)
dnt
dlnk
≃ −2
κ
β2β ′ . (3.6)
This can be expressed in terms of the (Hubble) slow roll parameters4
ǫH ≡ 2
κ2
(
H ′
H
)2
=
1
2
β2 , (3.7)
ηH ≡ 2
κ2
H ′′
H
=
1
2
β2 − β
′
κ
, (3.8)
ξ2H ≡
4
κ4
(
H ′H ′′′
H2
)
=
1
4
β4 − 3
2κ
β2β ′ +
1
κ2
ββ ′′ . (3.9)
to read
r = −8nt = 16ǫH , (3.10)
ns − 1 ≃ 2ηH − 4ǫH , (3.11)
dns
dlnk
≃ −8ǫ2H + 10ǫHηH − 2ξ2H , (3.12)
dnt
dlnk
≃ −4ǫ2H + 4ǫHηH . (3.13)
Table 1 summarizes the different classes that we now discuss.
3.1 Small field inflation (Ia)
Let us first consider the simplest class of models (Ia), where the fixed point
is at a finite value φ0 and the β-function has the following expansion close
3We note that, since k refers to horizon crossing k = aH during inflation, d ln k/dφ =
κ(1− β2/2)/β.
4Following [15], we define the slowroll parameters in terms of the field dependence of
the Hubble parameter, in a way consistent with the Hamilton-Jacobi approach (see (2.8):
the H(φ) function can just as well be replaced by the superpotential in (3.7)-(3.9)).
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Class Name β(φ)
Ia(q) Monomial βq(κφ)
q, q > 1
Ia(1) Linear β1(κφ)
Ib(p) Inverse Monomial −βp/(κφ)p, p > 1
Ib(1) Chaotic −βˆ1/(κφ)
Ib(p) Fractional −βˆp/(κφ)p, 0 < p < 1
Ib(0) Power Law −βˆ0
II(γ) Exponential −β exp[−κφ]
Table 1: Summary of the classes discussed in this Section.
to the fixed point:
β(φ) = βq [κ(φ− φ0)]q , q ∈ R . (3.14)
• Monomial class: Ia(q), q > 1
We first consider the case q > 15. Then, from (2.15) and (2.10), we
obtain,
W (φ) = W0 exp
{
− βq
2(q + 1)
[κ(φ− φ0)]q+1
}
, (3.15)
V (φ) ∼ 3W
2
0
4κ2
[
1− βq
q + 1
[κ(φ− φ0)]q+1 +O(φ2q)
]
, (3.16)
where W0 = −2Hi, Hi being the value of the Hubble parameter at the fixed
point. We then compute the number of e-foldings:
N =
1
βq(q − 1) [κ(φ− φ0)]q−1
− λ , (3.17)
where we defined
λ ≡ 1
βq(q − 1) [κ(φf − φ0)]q−1
. (3.18)
5The case q < 1 does not correspond to inflation since the second derivative of the
potential is divergent at the fixed point, as can be seen from (3.16).
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Assuming that typically β(φf) ∼ 1, we obtain
λ ∼ β
−1/q
q
(q − 1) , (3.19)
maximally of order 1. The β-function can be expressed in terms of N :
β(N) =
1[
β
1
q
q (q − 1)(N + λ)
] q
q−1
(3.20)
Neglecting λ, we have for the scalar spectral index:
ns − 1 ∼ −2β ′/κ = −2qβq [κ(φ− φ0)]q−1 ∼ − 2q
q − 1
1
N
, (3.21)
αs ≡ dns
d ln k
∼ −2ββ ′′/κ2 = −2q(q − 1)β2q [κ(φ− φ0)]2(q−1) = −
2q
q − 1
1
N2
,
(3.22)
whereas the tensor to scalar ratio reads
r = 8β2 ∼ 8
β
2/(q−1)
q [(q − 1)N ]2q/(q−1)
. (3.23)
We show in Figure 1 the typical region covered by this class of models
in the plot r vs ns. In this Figure, as well as in similar ones relative to
other classes in the following subsections, we limit ourselves to values of
the parameters where we can safely consider that we remain perturbatively
close to the de Sitter regime, in agreement with the hypotheses made in the
previous Section. We give in each instance the maximal relative error made
when approximating the complete expressions to lowest order.6
We note here that the three experimentally accessible parameters, ns, αs, r,
depend on three other parameters, namely q, N and βq. This implies that
in this class, generically speaking, one can adjust independently the three
cosmological parameters (if this is compatible with our assumption of per-
turbativeness). This is illustrated in Figure 1 where we see that such models
cover a large area of the parameter space. In particular there are many
choices that reproduce the preferred value 1− ns ≃ 0.04.
6For more details on the procedure we have used see the end of Appendix A
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Figure 1: Models of the monomial class (Ia(q), q > 1) in the plot ((r, ns):
values of q are from left to right = 2, 3, 4, 5, 6, and values of βq (see (3.14))
range from 10−2 (top) to 102 (bottom) in logarithmic spacing. Each horizon-
tal segment corresponds to values of N ranging from 50 to 60. The maximal
relative error is 9 · 10−4.
For completeness, we give here the slow roll parameters in terms of N , to
leading order:
ηH = − q
q − 1
1
N
, ǫH =
1
2β
2/(q−1)
q [(q − 1)N ]2q/(q−1)
, ξ2H =
q
q − 1
1
N2
.
(3.24)
We note that the generalized slowroll parameters [15] have the following
behaviour:
ǫn ≡ 2
κ2
[
(H ′)n−1H(n+1)
Hn
]1/n
∼ [κ(φ− φ0)]q−1 ∼ N−1 . (3.25)
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In particular, they remain small close to the fixed point, as long as q > 1.
We note from (3.20) that this class of models corresponds to α = 2q
(q−1)
in
the notations of (2.17), with α > 2.
• Linear class: Ia(1),
A special case is obtained for q = 1:
β(φ) = β1κ(φ− φ0) . (3.26)
The corresponding superpotential and potential are:
W (φ) = W0 exp
[
−β1
4
[κ(φ− φ0)]2
]
, (3.27)
V (φ) =
3W 20
4κ2
[
1− 1
2
β1(1 +
β1
3
) [κ(φ− φ0)]2 +O
(
[κ(φ− φ0)]4
)]
.(3.28)
The number of e-foldings is, following (3.1),
N = − 1
β1
ln [β1κ(φ− φ0)] , (3.29)
where we have supposed that β(φf) ∼ 1. It follows that the β-function is
expressed in terms of N as
β(N) = e−Nβ1 . (3.30)
We obtain for the tensor to scalar ratio and the scalar spectral index:
r = 8β21 [κ(φ− φ0)]2 = 8e−2Nβ1 , (3.31)
ns − 1 ∼ −2β1 , αs = dns
d ln k
= −2β1e−2Nβ1 . (3.32)
The slow roll parameters read
ǫH =
1
2
e−2Nβ1 , (3.33)
ηH = −β1 , (3.34)
ξ2H = −
3
2
β1e
−2Nβ1 . (3.35)
We see that slow roll is not guaranteed close to the fixed point φ0 and that
we have to assume further that β1 ≪ 1. This case is also special from the
holographic point of view to be discussed in the next section.
We show in Figure 2 the typical region covered by this class of models
in the plot r vs ns. The observable parameters ns, r depend on two model
parameters, β1, N . On the other hand, αs = (ns − 1)r/8 is not independent.
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Figure 2: Models of the linear class (Ia(1)) in the plot ((r, ns): values of β1
(see (3.26)) range from 0.05 (top right) to 0.12 (bottom left). Each vertical
segment corresponds to values of N ranging from 50 (top) to 60 (bottom).
The maximal relative error is 8 · 10−3.
3.2 Large field inflation (Ib)
The second class (Ib) is similar to the previous one except that the fixed point
is reached at φ→ +∞. It thus falls into what is usually called the large field
inflation. The leading term of the β-function is now
β(φ) ≃ − βˆp
[κφ]p
. (3.36)
• Inverse monomial class: Ib(p), p > 1
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We consider first the case p ∈ R, p > 1:
W (φ) = W0 exp
{
− βˆp
2(p− 1)
1
[κφ]p−1
}
, (3.37)
V (φ) =
3W 20
κ2
[
1− βˆp
(p− 1)
1
[κφ]p−1
+O (φ−2(p−1))
]
, (3.38)
We then obtain for the number of e-foldings
N =
[κφ]p+1
(p+ 1)βˆp
− λ , λ ≡ [κφf ]
p+1
(p+ 1)βˆp
. (3.39)
Assuming as usual |β(φf)| ∼ 1, we have λ ∼ βˆ1/pp /(p + 1). The β-function
can be expressed in terms of N :
β(N) = − βˆ
1
p+1
p
[(p+ 1)(N + λ)]
p
p+1
. (3.40)
We have for the scalar spectral index:
ns − 1 ∼ −2β
′
κ
= −2p βˆp
[κφ](p+1)
∼ − 2p
p+ 1
1
N
, (3.41)
αs ∼ −2ββ
′′
κ2
= −2p(p + 1) βˆ
2
p
[κφ]2(p+1)
∼ − 2p
p + 1
1
N2
, (3.42)
whereas the tensor to scalar ratio reads
r = 8β2 ∼ 8βˆ
2/(p+1)
p
[(p+ 1)N ]2p/(p+1)
. (3.43)
We note that this class of models corresponds to α = 2p/(p + 1) in the
notations of (2.17). Since p > 1, 1 < α < 2.
For completeness, the slowroll parameters of the inverse monomial class
are:
ηH = − p
p + 1
1
N
, ǫH =
βˆ
2/(p+1)
p
2 [(p+ 1)N ]2p/(p+1)
, ξ2H =
p
p+ 1
1
N2
. (3.44)
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Figure 3: Models of the inverse class (Ib(p), p > 1) in the plot ((r, ns):
values of p are from right to left to = 2.5, 5, 7.5, 10, and values of βˆp (see
(3.36)) range from 10−2 (bottom) to 102 (top) in logarithmic spacing. Each
horizontal segment corresponds to values of N ranging from 50 (left) to 60
(right). The maximal relative error is 9 · 10−3.
We show in Figure 3 the typical region covered by this class of models in
the plot r vs ns. As in the Ia(q) class, the three experimentally accessible
parameters, ns, αs, r, depend on three other parameters, namely q, N and
βq. One may thus think that one can adjust independently the three cosmo-
logical parameters, but this is not necessarily compatible with our choice of
perturbativity i.e. restricting to the first term (3.36) in the expansion of the
beta function.
• Chaotic class: Ib(1),
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A special case is obtained for p = 1. The superpotential reads
W (φ) =W0 [κφ]
βˆ1/2 , (3.45)
where C is a constant. One obtains the potential of chaotic inflation [19]:
V (φ) =
3W 20
4κ2
(
1− βˆ
2
1
6 [κφ]2
)
[κφ]βˆ1 ∼ 3W
2
0
4κ2
[κφ]βˆ1 , (3.46)
Note that, in this special case, the power is given by the β-function coefficient.
The number of e-foldings is:
N =
[κφ]2
2βˆ1
− λ , λ ≡ [κφf ]
2
2βˆ1
, (3.47)
where λ ∼ β1/2, if |β(φf)| ∼ 1. Thus
β(N) ∼ −
(
β1
2(N + λ)
)1/2
, (3.48)
which shows that this model corresponds to α = 1. We thus have for the
scalar spectral index and the tensor to scalar ratio:
ns − 1 ∼ − βˆ1
[κφ]2
(2 + βˆ1) ∼ −1 + βˆ1/2
N
, (3.49)
αs ∼ − βˆ
2
1
[κφ]4
(2βˆ1 + 4) ∼ −(1 + βˆ1/2) 1
N2
, (3.50)
r = 8β2 ∼ 4βˆ1
N
. (3.51)
For reference, the slowroll parameters of the chaotic class read:
ǫH =
βˆ1
4N
, ηH =
βˆ1 − 2
4N
, ξ2H =
(βˆ1 − 2)(βˆ1 − 4)
16N2
, (3.52)
We show in Figure 4 the typical region covered by this class of models in
the plot r vs ns. In this subclass, the observable parameters ns, r depend on
two parameters of the model, β1 and N . On the other hand, αs = −(1 −
ns)(1− ns − r/8) is not independent.
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Figure 4: Models of the chaotic class (Ib(1), p = 1) in the plot ((r, ns): values
of βˆ1 (see (3.36)) are from bottom to top = 0.01, 0.05, 0.1, 1/3, 2/3, 1, 2, 3.
Each horizontal segment corresponds to values of N ranging from 50 (left)
to 60 (right). The maximal relative error is 8 · 10−4
• Fractional class: Ib(p), 0 < p < 1
Finally, for 0 < p < 1, the superpotential reads:
W = W0 exp
[
βˆp
2(1− p) [κφ]
1−p
]
, (3.53)
where W0 is a constant, with corresponding potential
V ∼ 3W
2
0
4κ2
exp
[
βˆp
1− p [κφ]
1−p
]
. (3.54)
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Then (3.39) and (3.40) remain valid but, this time, one has7
1− ns = r
8
= β2 =
βˆ
2/(p+1)
p
[(p+ 1)N ]
2p
p+1
, (3.56)
αs = −2β
2β ′
κ
= −2p βˆ
2
(p+1)
p
[(p+ 1)N ]
3p+1
p+1
. (3.57)
This case, represented in the plot r vs ns on Figure 5, corresponds to α =
2p/(p+1) with 0 < α < 1. In this class, the tensor to scalar ratio and scalar
index are related through 1−ns = r8 (as can be seen from the Figure), while
αs can be adjusted independently.
• Power law class: Ib(0)
The limit p → 0 of the previous class is of a special type because it
lies outside the strict framework of our analysis: the beta function tends to
a constant i.e. β(φ) = −βˆ0 for φ → ∞, which corresponds to power law
inflation [?], as we will now see.
In this case we have indeed
W (φ) = W0e
βˆ0
2
κφ , (3.58)
V (φ) =
W 20
8κ2
(
6− βˆ20
)
eβˆ0κφ . (3.59)
In this case, one can easily check that the scale factor evolves as
a(t) ∼ t2/βˆ20 , (3.60)
which corresponds to power law inflation. As is well-known, this model is
incomplete since there is no end to inflation: another regime has to take over
at some later time.
7Correspondingly, the slowroll parameters of the power law class satisfy:
ǫH = ηH = ξH =
1
2
β(φ)2 =
βˆ
2/(p+1)
p
2[(p+ 1)N ]
2p
p+1
. (3.55)
Their leading contribution cancels in (3.12) and one thus has to go to subleading order to
obtain (3.57) from the slowroll parameters.
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Figure 5: Models of the fractional class (Ib(p), 0 < p < 1) in the plot ((r, ns):
values of p range from 0.001 (right) to 0.005 (left) and values of βˆp (see
(3.36)) range from 0.001 (bottom right) to 0.3 (top left). This corresponds
to a maximal relative of 5 · 10−3.
We have
N =
1
βˆ0
(κφ− κφ0) , (3.61)
and8
ns − 1 = − βˆ
2
0
1 − βˆ20/2
, r = 8βˆ20 ,
dns
d ln k
= 0 , (3.62)
where the latter relation signals exact scaling. Assuming βˆ0 ≪ 1, we have,
8The slowroll parameters are just obtained from (3.55) by taking the limit p → 0:
ǫH = ηH = ξH =
1
2 βˆ
2
0 .
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as in the previous case
r = −8(ns − 1) (3.63)
This class, has a single parameter βˆ0, that controls all critical exponents
and is therefore the most “predictive” of all classes. It is interesting to note
that it accommodates both the parameters constrained by Planck as well as
a value of r in the 10−1 range.
3.3 Exponential class (II)
In a third class of models (II(γ)), the fixed point is again reached for φ→∞
(large field), but, as in the case α = 2 of section 2, the expansion is in terms
of Y ≡ exp(−γκφ), γ being a positive constant, [8]. If the first term is of
order Y n, we may redefine γ in order to include n into it. We may thus write
the β-function (2.15) as
β(φ) = −βY , (3.64)
which corresponds to
W (φ) = W0 exp
{
− β
2γ
Y
}
, (3.65)
V (φ) =
3W 20
4κ2
[
1− 1
γ
βY +O (Y 2)] . (3.66)
Starobinsky model ([3]) and Higgs inflation [4] belong to this class, which
corresponds to α = 2 in Mukhanov classification (compare with (2.22) and
(2.23)). We then obtain the number of e-foldings:
N =
1
γβY
− 1
γβYf
∼ − 1
γβ(φ)
− 1
γ
, (3.67)
where we have assumed |β(φf)| ∼ 1. The β-function then reads in terms of
N :
β(N) ∼ − 1
γN + 1
. (3.68)
We thus have for the scalar spectral index and the tensor to scalar ratio:
ns − 1 ∼ −2β
′
κ
= − 2
N
, (3.69)
αs ∼ −2ββ
′′
κ2
= − 2
N2
, (3.70)
r ∼ 8β2 = 8
γ2N2
. (3.71)
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For reference, the slowroll parameters of the exponential class read:
ǫH =
1
2γ2N2
, ηH = − 1
N
, ξH =
1
N
. (3.72)
Figure 6: Models of the exponential class (II(γ)) in the plot ((r, ns): values
of γ range from 10−1 (bottom) to 10 (top) in logarithmic spacing and each
horizontal segment corresponds to values of N ranging from 50 (left) to 60
(right). The maximal error is 4 · 10−3.
We show in Figure 6 the typical region covered by this class of models in
the plot r vs ns. The observable parameters (ns, r, αs) depend only on two
numbers, γ,N . In particular, αs = −(ns − 1)2/2.
To summarize, Figures 7 and 8 present the various classes of models in
a plot (ns, r). Figure 7 shows how each class of models fares with respect
21
Figure 7: Single field models of inflation in the plane (ns, r): class Ia with
q = 1 (linear), q > 1 (monomial); class Ib with 0 < p < 1 (fractional), p = 1
(chaotic), p > 1 (inverse); class II (exponential). Values favoured by Planck
data [1] are also indicated.
to the constraints imposed by Planck data. Each model is represented by a
segment corresponding to values of N from 50 (left end) to 60 (right end).
This is just indicative and the segment can be extended to the right for larger
values of N . Figure 8 shows in more details the region of low values for r
and how the different classes converge for low values of r.
We also show in Figure 9 how the parameter r varies with respect to the
running of the scalar index αs.
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Figure 8: Same as Figure 7 but in logarithmic scale for r which shows the
behaviour for small values of r.
4 Renormalisation group and the AdS/CFT
correspondence
The appearance of a renormalisation group equation in this cosmological con-
text is not fortuitous [11, 8]. Indeed, inflationary scenarios can be viewed
as departures from a pure de Sitter solution and it has been noted by many
authors that de Sitter space can be mapped to an Anti de Sitter space which
may be equivalently described by a conformal field theory through the fa-
mous AdS/CFT correspondence [20]. Departure from de Sitter is therefore
translated into departure from conformal invariance, which is described as
usual by a renormalisation group equation. One may thus use this corre-
spondence to identify the field theories equivalent to the inflation scenarios.
Issues like the naturalness of the initial conditions or of the choice of potential
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Figure 9: Variation of r versus the running parameter αs = dnS/d ln k for
the various classes of models
may receive a new light in this context. Moreover, because the AdS/CFT
correspondence relates strongly (resp. weakly) coupled gravities with weakly
(resp. strongly) coupled field theories, this may also lead to new theories of
inflation [11].
More explicitly, the correspondence between de Sitter (dS) and anti-de
Sitter (AdS) gravity theory (see [11, 8] for details) may be performed by
taking m2P into −m2P and V (φ) into −V (φ). The Hubble constant H on
the dS side corresponds to L−1, where L is the AdS curvature length scale,
and the time coordinate in de Sitter becomes the AdS holographic spacelike
coordinate u. Using the standard Poincare´ coordinates9 for AdS, u → ∞
corresponds to the horizon, whereas u → 0 corresponds to the boundary of
9where the metric takes the form: ds2 = L
2
u2
[
du2 + dxadx
a
]
.
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AdS spacetime. This boundary corresponds in dS (in the flat slicing generally
used to desribe inflation) to the cosmic scale factor becoming infinitely large.
AdS/CFT correspondence states that a gravity theory on AdS is equiva-
lent to a Conformal Field Theory (CFT) on its boundary (hence with one di-
mension less, i.e. three in the case we consider; one then writes AdS4/CFT3).
The holographic coordinate u may be seen as corresponding to the energy
scale of the boundary field theory: the horizon u→ +∞ corresponds to the
low energy (infrared) limit whereas the high energy (ultraviolet) limit corre-
sponds to u → 0, i.e. towards the boundary itself. Thus, as we move along
the holographic direction parametrized by u, we go from a small cosmic scale
factor (on the dS gravity side) corresponding to the infrared limit of the CFT
(u → ∞) to a exponentially large cosmic scale factor corresponding to the
ultraviolet regime of the CFT (u→ 0). Hence the de Sitter fixed point in the
neighborhood of which we start to inflate corresponds to an infrared fixed
point in the dual quantum field theory.
As we have seen in Section 2, inflation corresponds to a slight departure
from de Sitter geometry (represented by a zero of the β-function (2.15)). In
the holographic description, this means that we must depart from a strictly
conformal field theory. Such a departure is described by an operator O(x)
characterized by a scaling dimension ∆: on the holographic dual field theory,
the nontrivial renormalisation group flow is induced by the scaling behaviour
of this operator (if ∆ > d, where d = 3 is the dimension of the boundary,
the perturbation induced by O(x) is called irrelevant; if ∆ < d, it is relevant
and, if ∆ = d, it is marginal). This operator is thus dual to the inflaton
field, and classification of such operators leads to a classification of inflation
theories. Indeed, inflation corresponds to flow in the scaling regime in the
neighborhood of the fixed point.
Following the standard AdS4/CFT3 transcription, the field φ(u, x) in the
bulk of AdS4 (from which one can obtain the field in dS4) is related to the
source field φ0(x) on the boundary, conjugate to the field theory operator
O(x), by the following boundary condition:
φ(u, x) = u3−∆φ0(x) + u
∆〈O〉+ · · · , u→ 0 . (4.1)
We finally note that the scaling dimension ∆ is directly computed to the
mass m of the scalar field through the relation:
∆ =
3
2
+
1
2
√
9 + 4m2L2 . (4.2)
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In the cosmological case, the AdS curvature scale L is replaced by the inverse
of the de Sitter Hubble parameter, H−1i .
An important ingredient in the correspondence is the expected relation
between power spectra in cosmology and correlators in QFT [26]. Starting
from the cosmological expressions of the scalar and tensor power spectra
defined as
∆2s(p) ≡
p3
2π2
〈ζ(p)ζ(−p)〉 = p
3
2π2
|ζp(0)|2 (4.3)
∆2t (p) ≡
p3
2π2
〈γij(p)γij(−p)〉 = 2p
3
π2
|γp(0)|2 (4.4)
where ζp(0) and γp(0) are the constant late-time values of the cosmological
mode functions of the curvature, ζp(t), and the transverse-traceless part of
the metric, γp(t). On the other hand in QFT3 we have the correlator of the
stress tensor
〈Tij(p)Tkl(−p)〉 = T (p)Πijkl + S(p)πijπkl (4.5)
where Π is the 3d transverse-traceless projector
Πijkl ≡ 1
2
(πikπjl + πilπjk − πijπkl) , πij = δij − pipj
p2
(4.6)
The correspondence maps the power spectra to the analytically continued
QFT spectral densities as [26]
∆2s(p) = −
p3
16π2 Im S(−ip) , ∆
2
t (p) = −
2p3
π2 Im T (−ip) (4.7)
A scalar QFT operator with scaling dimension ∆ therefore gives
∆2s(p) ∼ p2(3−∆) (4.8)
Matching this with the definition (in cosmology) ∆2s ∼ pns−1 we obtain
∆ = 3 +
1
2
(1− ns) (4.9)
4.1 Class (Ia)
From what has been said above, this class naturally divides into two sub-
classes, depending on whether the squared mass m2 of the scalar field at the
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fixed point is vanishing, in which case one has a marginal operator (∆ = 3),
or negative10, in which case ones has an irrelevant operator (∆ > 3).
• Marginal operators (Ia(q), q > 1)
The case with q > 1 and integer maps to marginal interactions, where the
first non-trivial contributions to the β-function appear at q − 1 loop order.
Such a case has been analyzed in detail in [22] in the context of holography.11
The case where q is larger than one but real can be thought of as a
case where the leading contribution to the β-function is non-analytic in the
coupling. Although this can happen in CFT (and it happens in thermal
gauge theories), we are not aware of a case where the leading contribution is
non-analytic but this cannot be excluded.
• Slightly irrelevant operator (Ia(1))
In this case, the squared mass of the scalar field is obtained, on the dS
gravity side, from (3.28):
m2H−2i = −β1(3 + β1) , (4.10)
where we have used W0 = −2Hi. Comparing with what is obtained on the
dual field theory from (4.2):
m2L2 = ∆(∆− 3) , (4.11)
(and accounting for a sign when going from dS to AdS) we conclude that
β1 = ∆− 3 . (4.12)
The condition β1 ≪ 1 imposes to choose ∆ ≃ 3 which corresponds to a
slightly irrelevant operator, that is an operator of dimension ∆ ∼> 3.
4.2 Class (Ib)
This is described by the β function in (3.36). It can be thought of as a
strong-weak coupling dual of the previous case Ia. Indeed the data computed
through it for the most part are analytic continuations of Ia. Such cases are
10As explained already in Section 3.1, the case of positive mass squared (0 < q < 1)
leads to infinite mass at the fixed point, and thus no inflation.
11No known such case is known to our knowledge in string theory.
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known in QFT, the most famous being N=1 SQCD in the conformal window
where the dual magnetic theory has weak coupling when the parent theory
has strong coupling. There, the coupling and the dual coupling roughly flow
to IR fixed points so that one is the strong coupling dual of the other
For example defining a new ”coupling”, κχ = 1
κφ
the problem now is
equivalent to a new scalar sector
Sscalar ∼
∫
d4x
√
g
[
1
2
G(χ)(∂χ)2 − V˜ (χ)
]
(4.13)
where the metric12 G(χ) is non-trivial, and singular at the deSitter point. In
this example with χ = 1
φ
G(χ) =
1
χ4
, V˜ (χ) = V
(
1
χ
)
≃ 3H
2
i
κ2
[
1− βˆp [κχ]
p−1
(p− 1) + · · ·
]
, (4.14)
with the de Sitter solution at χ = 0 where the Zamolodchikov metric G(χ)
is singular.
A subclass of Ib is interesting in its own right. It is Ib(1). This corre-
sponds to V ∼ eaφ with aφ→ +∞. This class is not associated with a CFT
(deSitter solution) but with a scaling theory that violates hyperscaling, [23].
This leads to power-law inflation.
Note that if a potential is diverging faster than e
√
3
2
φ as φ → ∞ then
this region is not penetrable by the equations of motion. This implies that a
divergence like eφ
p
with p > 1 is impossible.
In string theory such exponential behavior is ubiquitous as the Zamolod-
chikov metric of many scalars is logarithmic
Sscalar ∼
∫
d4x
√
g
[
1
2
(∂T )2
T 2
− CT b
]
(4.15)
which upon redefinition gives exponential potentials.
4.3 Class II
This is the class with asymptotically flat potentials named AFIM in [8]. Its
holographic map corresponds to a β function of the form,
β ≃ b0Y 2 +O(Y 3) , Y → 0 (4.16)
12This is known as the Zamolodchikov metric in QFT.
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Interpreting Y as a coupling constant13, this corresponds to the asymptoti-
cally free class of QFTs like QCD, [8]. Such a class of potentials was used
to model holographic models for YM theory in four dimensions, [24]. This
class has a single parameter, γ.
5 Analysing more general models in terms of
the characteristic classes
The identification of fundamental classes allows to analyze more complex
inflation models in terms of these building blocks. Indeed, one can build out
of the classes presented in the last sections, models that interpolate between
two different classes. This is usually done by introducing a new scale f .
When this scale is small, i.e. (κf)2 ≪ 1, one is in a small field regime, when
the scale is large, i.e. (κf)2 ≫ 1, one is in a large field regime. For the cases
discussed in this paper the large field limit typically falls in class Ia and the
small field limit corresponds to the chaotic class. Interestingly enough, when
the scale is intermediate, one may still obtain the slow roll conditions for
inflation.
The way this works in general is that any β-function can be made small
enough for inflation to occur if multiplied by a small-enough parameter. For
example consider an arbitrary function f(φ) that is bounded. The β-function
β(φ) = f(φ) would describe inflation near the zeros of f(φ). However, a β-
function, β(φ) = xf(φ) with x ≪ 1 will inflate for all φ so that xf(φ)
is small. In this way for sufficiently small x, any β-function can lead to
sufficient inflation. As it will be seen below, all such cases can be mapped
via fields redefinitions to the following action
S = −
∫
d4x
√−g
[
m2
P
(
1
2
R + V (φ˜)
)
+
f 2
2
∂µφ˜∂µφ˜
]
. (5.1)
where now φ˜ is dimensionless and f ≫ mP . Such a gravitational theory leads
to inflation for generic bounded potentials V (φ˜).
However, experience from gravity and string theory indicates that this
“fine-tuning” of the gravitational action is probably unrealizable in a healthy
gravitational theory. The argument is similar to that in [27]. The scalar
13Indeed in a string theory context that gauge coupling constant is the exponential of
the dilaton scalar.
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Figure 10: Models of generalized natural inflation (in yellow) interpolating
between the linear case (in purple) and chaotic inflation (in red), in the plot
(ns,r).
mediates a much weaker force than gravity although its charges are similar to
those of gravity. It is expected that such a context will lead to inconsistencies
with black-holes both in asymptotically flat but also in an asymptotically AdS
context. This argument needs to be made precise but we will not pursue this
further here. We will merely note that there is no known such case in string
theory.
We illustrate this with models inspired by natural inflation [17, 18] which
turn out to interpolate between the linear class and the chaotic class (see
Figure 10), as we now show. Our starting point is the beta function
β(φ) = (κf)−1 tan(φ/2f) . (5.2)
The corresponding superpotential isW (φ) = W0 cos(φ/2f), with W0 con-
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stant, and the potential reads
V =
3W 20
8κ2
(
1− 1
6(κf)2
)
+
3W 20
8κ2
(
1 +
1
6(κf)2
)
cos
φ
f
. (5.3)
This coincides with the potential of natural inflation:
V =
V0
2
(
1 + cos
φ
f
)
, (5.4)
with V0 ≡ 3W 20 /(4κ2), in the limit14
(κf)2 ≫ 1/6 . (5.5)
We have
N = −(κf)2 ln
sin2
(
φ
2f
)
sin2
(
φf
2f
) , (5.6)
where the value of φf of the field at the end of inflation is given by the
condition β(φf) = 1:
sin2(φf/2f) =
(κf)2
1 + (κf)2
. (5.7)
We can express the β-function in terms of the number N of e-foldings:
β(N(φ)) =
1√
(1 + (κf)2) exp
{
N
(κf)2
}
− (κf)2
. (5.8)
This expression is useful to discuss the two regimes of inflation.
If (κf)2 ≪ 1, then we can write the β-function as
β(N) = exp
{
− N
2(κf)2
}
, (5.9)
14Note that the minimum at φ/f = π does not appear as a fixed point of the β-function
(5.2). Accordingly, the two potentials differ at this point, but this is negligible in the limit
(5.5).
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where we recognize a β-function of the linear class Ia with q = 1 and β1 =
1
2(κf)2
(see (3.30). Indeed this corresponds to the small field regime where
φ/2f ≪ 1 and (5.2) reads
β(φ) ∼ (κφ)
2(κf)2
. (5.10)
The other regime corresponds to N ≪ (κf)2 in which case
β(N) =
1√
N + 1
, (5.11)
where we recognize the β-function of the chaotic class Ib with p = 1 and
β1 = 2.
In order to see this from the form of the β-function in terms of the scalar
field, one has to redefine φ and consider instead φ′ ≡ fπ − φ, in the limit
φ′/f → 0 or φ/f → π. Then
β(φ′) =
1
κf
tan
(
π
2
− φ
′
2f
)
=
1
κf
cot
(
φ′
2f
)
=
1
κf
1
φ′/2f
=
2
κφ′
. (5.12)
End of inflation happens for φf close to fπ as can be seen from (5.7), or
φ′f ≪ f . The fixed point is still at φ = 0, that is φ′ = fπ.
We thus see that natural inflation interpolates between the linear class
(Ia, q=1) and the chaotic class (Ib, p=1). More generally, it is possible to
interpolate between a linear model and any chaotic model by choosing the
β-function in the following way:
β(φ) = (κf)−1 tan (φ/λf) , (5.13)
in which case one obtains a chaotic model with parameter β1 = λ. This is
seen explicitly in Figure 10, which shows how generalized natural inflation
models merge into our (linear and chaotic) classes of models.
One may further understand how the two regimes (linear and chaotic)
appear in natural inflation. In order to do this, let us write the potential
(5.3) in terms of N using (5.6) and (5.7):
V (N(φ)) = V0
(
1−
(
(κf)2 + 1/6
1 + (κf)2
)
exp
[
−N(φ)
κf 2
])
. (5.14)
In Figure 11, we represent this potential for various values of κf . Remem-
ber that, with our definition (3.1) of N , N vanishes at the end of inflation
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Figure 11: Potential V (N(φ)) of the generalized natural inflation type (5.3)
as a function of N , 1 < N < 1000, for values of f in the range 1 < κf < 20.
whereas N increases when one reaches more and more primordial times. In
Figure 11, the red curve represents N = 60. We see that the low κf regime
corresponds to the plateau region associated with the region of the potential
associated with region close to the maximum (as in the linear class of infla-
tion models). But as soon as one gets to higher values of κf , one leaves the
vicinity of the maximum and reaches the intermediate region of the potential,
where chaotic inflation takes over.
6 Conclusions
At a time where the physics of inflation becomes data oriented, it is important
to withdraw from specific model analyses and to attempt to interpret the data
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in terms of large classes. This is what we have proposed in this work, based
on (A)dS/CFT correspondence. We have shown that this does make sense
from the point of view of the gravity theory alone, in the context of the
Hamilton-Jacobi approach. What the AdS/CFT correspondence brings in
addition is the fact that the classes that we define are universality classes
in the sense of quantum field theories or condensed matter, with associated
critical indices. Also, the perspective given by the field theory being different
from the one adopted on the gravity theory side, the different classes may be
natural in different ways. Moreover, the AdS/CFT correspondance being of
a strong/weak duality, one may address the question of finding new strongly
coupled gravity theories for inflation [11].
Such a map may have far-reaching consequences both for the issues of sin-
gularities in cosmology as well as the fate of the many massive scalars that
are present in most fundamental gravitational theories. There is however an
important puzzle that is associated with expanding universes. A contracting
universe is evolving in accordance with QFT renormalization: from the UV
at early times to the IR at late times. In contrast, for an expanding uni-
verse the cosmological evolution is opposite in direction to the RG flow in
a QFT: it runs from the IR at early times to the UV at late times. This
puzzle is sharpened in the context of mirage cosmology [9], where also its
potential resolution can be glimpsed. In that setup, an expanding cosmology
corresponds to a brane-universe moving away from a gravitation stack of D3
branes, therefore against the gravitational attraction. For this to happen the
universe brane must have some energy, and in [9, 12] it was advocated that
this could happen for a brane universe in an elliptical path around a central
stack of D3 branes or in an unbounded outbound path. In the first case it
would lead to a cyclic cosmological evolution on the universe brane, alter-
natively approaching and moving away from the central stack. A concrete
model of cosmological evolution along these lines was developed in [13]. In
the second case it leads to a standard cosmology where the universe expands
for ever.
Among the generalisations that we have not considered in this paper is
the generalization to multi-field inflation [14, 22], to fields with nontrivial
kinetic terms (and cs 6= 1), as well as the computation of non-gaussianities
in these different classes.
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APPENDIX
A General formulas
We assemble in this appendix complete formulae which express the cosmo-
logical parameters in terms of the beta function and its derivatives.
• Number of e-foldings:
N(φ) = −κ
∫ φ
φf
dφ′
β(φ′)
. (A.1)
• Superpotential:
W =W0 exp
{
−κ
2
∫
dφβ(φ)
}
. (A.2)
• Potential:
V =
3
4κ2
W 2
(
1− β
2
6
)
, (A.3)
V,φ =
3
4κ2
W 2
(
−κβ
(
1− β
2
6
)
− ββ,φ
3
)
, (A.4)
V,φφ =
3
4κ2
W 2
(
κ2β2
(
1− β
2
6
)
− κβ,φ
(
1− 5β
2
6
)
− 1
3
(
β2,φ + ββ,φφ
))
,
(A.5)
V,φφφ =
3
4κ2
W 2
(
−κ3β3
(
1− β
2
6
)
+ 3κ3ββ,φ
(
1− β
2
2
)
+
κ
3
β
(
6β2,φ + ββ,φφ
)− kβ,φφ
(
1− 5β
2
6
)
− β,φβ,φφ − 1
3
ββ,φφφ
)
.
(A.6)
• Slow-roll parameters:
ǫH ≡ 2
κ2
(
H ′
H
)2
=
1
2
β2, (A.7)
ηH ≡ 2
κ2
H ′′
H
=
1
2
β2 − β,φ
κ
, (A.8)
ξ2H ≡
4
κ4
(
H ′H ′′′
H2
)
=
1
4
β4 − 3
2κ
β2β,φ +
1
κ2
ββ,φφ. (A.9)
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• Scalar power spectrum
Ps(k) = κ2 k
3
2π2
∣∣∣∣ vkaβ
∣∣∣∣
2
, (A.10)
where uk is computed from:
vk,φφ
κ2
+
1
β
(
1− β
2
2
+
β,φ
κ
)
vk,φ
κ
+
+
4
β2
(
k2
a2W 2
− 1
2
[
1− β
2
4
+
3
2
β,φ
κ
− β
2
4
β,φ
κ
+
1
2
(
β,φ
κ
)2
+
β2
2
β,φφ
κ2
])
vk = 0.
(A.11)
• Tensor power spectrum
Pt(k) = 8κ2 k
3
2π2
∣∣∣uk
a
∣∣∣2 , (A.12)
where vk is computed from:
uk,φφ
κ2
+
1
β
(
1− β
2
2
+
β,φ
κ
)
uk,φ
κ
+
4
β2
(
k2
a2W 2
− 1
2
+
β2
8
)
uk = 0.
(A.13)
Eq.(A.11) and eq.(A.13) allow us to compute the exact power spectra. Their
solutions can be found with numerical methods. Such a computation however
lies beyond the scope of this paper and will be addressed in future work.
To plot the predictions for the observable quantities (see Figures 1 to 6)
we have proceeded as follows:
• Given the standard expressions for the scalar and tensor power spectra:
Ps(k) = 1
4π2
H4
φ˙2
∣∣∣∣
k=aH
Pt(k) = 8
(
H
2π
)2∣∣∣∣∣
k=aH
(A.14)
we express them using typical quantities of our formalism:
Ps(k) = 1
4π2
W 2,φ
β4
∣∣∣∣
k=
aW,φ
β
Pt(k) = 2
π2
(
W,φ
β
)2∣∣∣∣∣
k=
aW,φ
β
(A.15)
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• We compute the observables quantities of interest for us i.e.
ns = −(β
2 + 2β,φ)
(1− β2) nt = −
β2
(1− β2) . . . (A.16)
• We identify the leading terms for all of these expressions.
• We neglect all of those terms expected to produce higher order contri-
butions. In this procedure we keep terms whose numerical value is at
least 1% of the leading one. For example λ (e.g. defined in Eq.(3.18))
is of order one and cannot be neglected (as we did in the main text)
when compared to N ∼ 50 − 60 (see e.g. Eq.(3.20)): to produce the
figures contained in this paper, we kept it.
• We compare the numerical results shown in the figures with the ones
including next order correction. The highest value of the relative error
for each class is reported in the corresponding figure caption.
B Hilltop inflation: interpolating between the
monomial and the chaotic class
We consider in this Appendix the case of the so-called generalized hilltop
potentials, which, as we know, interpolates between the monomial and the
chaotic classes (see Figure 12). Let us consider the beta function:
β(φ) =
βp
κf
p(φ/f)p−1
1− (φ/f)p . (B.1)
with p > 2. Inflation takes place in the range 0 < φ < f , the fixed point
being at φ = 0.
The superpotential is W (φ) = W0(1− (φ/f)p)
βp
2 , with W0 constant, and
the potential reads:
V = V0
(
1− 1
6
(
βpp
κf
)2
(φ/f)2(p−1)
(1− (φ/f)p)2
)
(1− (φ/f)p)βp . (B.2)
where V0 =
3W 20
4
The number of e-foldings is given by:
N(φ) =
(κf)2
pβp
[
1
(p− 2)
(
(φ/f)2−p − (φf/f)2−p
)
+
1
2
(
(φ/f)2 − (φf/f)2
)]
.
(B.3)
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Figure 12: Generalized hilltop models interpolating between the monomial
class and the chaotic class.
where φf is the value of the field at the end of inflation given by the condition
β(φf) = 1. However, this relation cannot be solved analytically for a general
value of p. Moreover, writing φ as a function of N requires to invert equation
(B.3), which is also not possible analytically. To find the predictions of the
general model, numerical methods are used. Nevertheless, we investigate the
limiting cases, for respectively the small and large field.
Small field limit In the limit (φ/f)≪ 1, we can write the β-function as:
β(φ) =
pβp
κf
(φ/f)p−1 =
pβp
(κf)p
(κφ)p−1. (B.4)
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We recognize the β-function of the monomial class Ia with q ≡ p − 1 and
βq ≡ pβp(κf)p . When p > 2 (q > 1), it corresponds to hilltop models. In this
limit the potential is:
V ≃ V0 (1− βp(φ/f)p) , (B.5)
and the number of e-foldings:
N(φ) ≃ (κf)
2
pβp
1
(p− 2)
(
(φ/f)2−p − (φf/f)2−p
)
. (B.6)
We define the constant λ ≡ (κf)2
pβp
1
(p−2)
(φf/f)
2−p, the condition β(φf) = 1
gives:
λ =
κφf
p− 2 =
1
p− 2
(
(κf)p
pβp
) 1
p−1
. (B.7)
We can write β(φ) in terms of N :
β(N) ≃ 1[(
pβp
(κf)p
) 1
p−1
(p− 2)(N + λ)
]p−1
p−2
. (B.8)
Large field limit In the limit (φ/f) → 1, we redefine φ and consider
φ′ ≡ f − φ, in the regime (φ′/f)→ 0. The β-function becomes:
β(φ′) =
βp
κf
p(1− (φ′/f))p−1
1− (1− (φ′/f))p ≃
βp
κf
p(1− (p− 1)(φ′/f))
1− (1− p(φ′/f)) ≃
βp
κf
1
(φ′/f)
=
βp
κφ′
.
(B.9)
This is the β-function corresponding to the chaotic class 1b, with p = 1. It
corresponds to a large field model, which is achieved with f ≫ 1. Note that
the fixed point is still at φ = 0 corresponding to φ′ = f . The potential can
be approximated as:
V ≃ V0 (p(φ′/f))βp . (B.10)
The number of e-foldings in this limit becomes:
N(φ) ≃ 1
2βp
[
(κφ′)2 − (κφ′f)2
]
. (B.11)
Assuming the end of inflation for β(φ′f) = 1 we get:
φ′f/f = βp/(κf), (B.12)
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and we express the β-function in terms of N :
β(N) ≃
√
βp
2N + βp
. (B.13)
In conclusion, using a single β-function, we interpolate between any hill-
top model to any chaotic one. The parameter p in the β-function determines
the hilltop limit, whereas the parameter βp fixes the chaotic side.
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